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Abstract. The paper is devoted to the development of methods of ontology
supported knowledge discovery in the field of mobile network subscribers. We
develop the ontological model of the domain of mobile networks. This ontolog-
ical model is intended to describe the behavior of mobile network subscribers.
The ontological model is based on the four-level model of knowledge represen-
tation. In the paper, special attention is given to the third level which represents
the set of cases from the domain. For the analysis of domain cases and for the
generation of fuzzy knowledge about the domain we use Boolean-valued mod-
els, fuzzy models and Formal Concept Analysis. To describe the set of cases
from the domain we use formal contexts; objects of these formal contexts are
models representing sets of subscribers. We study formal contexts generated by
Boolean-valued models, and formal concepts of these formal contexts. We ob-
tain a description of theories of classes of domain cases in the language of for-
mal concepts.
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1 Introduction

The article is devoted to the development of an ontological model of the domain of
mobile networks. The ontological model is based on the four-level model of
knowledge representation [1, 2]. We apply model-theoretical methods [3], theory of
fuzzy models [4] and FCA [5, 6] to construct the ontological model.

The present investigations continue the studies begun in [7, 8]. In [8] the ontologi-
cal model of the domain of mobile networks was used to determine which tariffs and
services of the mobile operator are most interesting and useful for a given mobile
network user. In this article we expand the borders of our consideration of the do-
main. We are interested in revealing high-level characteristics of the subscriber: in-
come level, social status, mobility, interests, preferences, etc. The elucidation of high-
level characteristics is necessary to predict the behavior of the subscriber.

Thus we need to consider not only properties of individual subscribers, but also the
interaction of subscribers (for example, calls between subscribers and so on). There-
fore, in contrast to [8], we need to consider not only unary predicates, but also binary
predicates to describe the domain ontology. A case model of this domain is represent-
ed as a set of countable algebraic systems.



Next, in the paper we describe a method for constructing a formal context for the
case model (using the notion of a Boolean-valued model) and a method of transition-
ing to an object-clarified context.

This work is mainly theoretical. The results of practical implementation will be de-
scribed in the next paper.

2 Ontological model of the domain of mobile networks

The ontological model of the domain of mobile networks is constructed on the basis
of the four-level model of knowledge representation [1, 2]. We call a tuple
OM = (K,0,T% TS, TF)

an ontological model of the domain. Here K is the set of cases of the domain, o is the

signature of the domain, T¢ is the analytic theory of the domain, TS is the theory of

the domain and T/ is the fuzzy theory of the domain.

The first step of the construction of the ontological model is the description of the
ontology of the domain. From the model-theoretical point of view, the construction of
the domain ontology consists of describing a signature o (i.e. the set of key concepts)
and a set of axiom Ax, of the given domain [9, 10]. The pair (o, Ax,) generates the
analytic theory T4, i.e. description of sense of the key concepts of the domain, defini-
tions of used notions. The theory of the domain T represents general (universal)
knowledge of the domain.

We consider six classes of concepts to determine the signature ay; of the object
domain M = “Mobile networks”:

1. op represents individual indicators of subscribers, and contains two parts: op, are
traffics and o, are accruals.

2. g, represents different tariff plans and services.

3. gy represents properties and characteristics of various tariff plans, services and op-
tions; for example, the number of free minutes of talk, the volume of the SMS
package, etc.

4. g, represents concepts which express different interests of subscribers.

. 05 represents concepts which express subscriber's social status.

6. or represents concepts which express relationships and interactions between sub-
scribers: calls / SMS / MMS of one subscriber to another and so on.

8]

Note that the concepts from the classes a5, 0y, or, 01, 05 represent different
properties of subscribers; these concepts are formalized as unary predicates. The con-
cepts from the class o represent relationships and interactions between subscribers;
these concepts are formalized as binary predicates.

The presented classes of concepts have a hierarchical structure which is de-
scribed by a set of axioms “hyponym-hypernym”. For these classes of concepts we
present axioms of completeness and axioms of including. A detailed description of
these axioms is given in [8]. We present a set of axioms of irreflexivity for the class of
concepts op. For example, for any concept Q(x,y) € o we formulate an axiom



—Q (x, x) which means that no subscriber can call to himself. This concludes the first
step of the ontological model's constructing.

At the second step of the construction of the ontological model, we present the
set Ax, of general statements about the domain. The set Ax; is considered to be
true at the moment but may be changed at the future time. This knowledge is synthet-
ic, in contrast to the analytical knowledge presented in the ontology. The synthetic
knowledge does not follow from the meaning of the terms used in the description of
the domain. The truth value of this knowledge depends on the present state of the real
world. An example of such knowledge is the statement that a given tariff and a specif-
ic service of the mobile operator are not compatible.

The set of all axioms Ax, U Ax, generates the theory of the domain T, i.e.,
a set of statements which are true in the given domain. This concludes the second step
of the ontological model's constructing.

The third step of the building the ontological model is a formalization of em-
pirical knowledge about the domain, i.e., knowledge about the concrete precedents
(cases) of the given object area. In the domain M the set A of subjects is the set of
various individuals and organizations using mobile network services, etc. Note that
the set of subjects A is finite at each point of time, but it is constantly changing in
dynamics. Therefore we may consider the set A as potentially infinite. Thus in this
paper we consider a countable set A of subjects.

Let us consider a set A = {a4, a,, ... } of the subjects of the domain. Each case
(instance) of the domain M determines an algebraic system 2 = (A4, o), i.e., defines
the signature ay; on the set A.

Further, to simplify the formalization, we will consider models 2 = (4, ay;) in
the signature (ay;) 4, enriched by constants for all elements of the model:

(om)a = oy U{c, | a € A},
So, for simplicity, we denote o = gy, 04 = (oy)4 and W, = (4, a).

Note that not every algebraic system 2 = (4, gy;) is the case of the domain M.
We say that a model 2, is a domain’s case if A, = Ax, U Ax,.

To solve different problems we may consider different sets of cases K ©
K(a,). For example, the set of cases K may describe temporal "slices" of the domain,
or geolocation "slices”" of the domain. Also, the set K may be used to describe the
behavior of different groups of subscribers.

Empirical knowledge completely depends on the selection of the set of cases
K < K(a,) of the domain and serves as a source of generating a new knowledge
about the given domain. Below we will be construct the case model of the domain
based on the selected set of cases K.

Using the presented formalization of the case model, we can identify high-
level characteristics of mobile network subscribers and make portraits of mobile users'
segments. To do this, we generate different Boolean-valued and fuzzy models (see
Section 3) and construct corresponding formal contexts for given case models (see
Section 4).



3 Preliminaries: Boolean-valued models and fuzzy models

In the present paper a model (an algebraic system) is a tuple
A= (A4; P,...,B,,ci,...,c). The set |U| = A is called the universe of the model,
Pi,..., B, are predicates defined on the set A and ¢, ..., ¢, are constants. The tuple
o ={(Py,...,B,cq,...,cy) is called the signature of the algebraic system 2.
A formula having no free variables is called a sentence. For a signature o we de-
note:
F(0) S {¢ | @ is a formula of the signature o},
S(o) = {@ | @ is a sentence of the signature ¢} and
K(o) s {2 | A is amodel of the signature o}.
For a sentence ¢ € S(o) and a model A € K (o) we denote U = ¢ if the sentence
¢ istrue in the model .

Definition 1 [11]. Let B be a complete Boolean algebra and 7:S(gy) - B. A
triple A = (4, 0,4, T) is called a Boolean-valued model if the following conditions
hold:

(=p) =1(9); (V) =1(@) VT(¥);
(o &) = () nT@W); (9 ~ ) = () UTW);

w(vxp () = [ |e(0); 1@xew) = | (o).

a€eA a€eA

We use the notion of a fuzzy model to formalize the estimated knowledge of the
object domain (the fourth level of the construction of the ontological model). Each
fuzzy model is a special case of the fuzzification of some Boolean-valued model [12,
13].

Definition 2 [4]. Let Uy = (4,04, ) be a Boolean-valued model, where
7:S(g,) —» B, and h: B = [0,1] be a mapping for which h(0) =0 and h(1) = 1.

We define a valuation u: S(g,) — [0,1] as a composition u(@) = h(t()).
A triple %, = (4, a,, ) is called a fuzzification of the Boolean valued-model 2y via
the mapping h.

Definition 3 [4]. The mapping h: B — [0,1] is called an additive homomorphism
if
(1) h preserves the order, i.e., h is a homomorphism h: B — [0,1] of posets
with constants 0 and 1;
(2) hisadditive, i.e.,
anb=0 = h(aub)=nh(a)+ h(b)foranya, b € B.

Definition 4 [4]. A fuzzy model A, = (A, Oy, ,u) is a fuzzification of a Boolean-
valued model Ay = (4, g,, T) via an additive homomorphism.



4 Main results: formal contexts for Boolean-valued models

Remark 5. Let Ay = (4, g4, T) be a Boolean-valued model and 7:S(c,) - B. Con-
sider the formal context (B, S(o,),I), where b1¢ & t(@) = b. Note that the non-
empty extents of formal concepts are one-element sets.
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Fig. 1. The formal context (B, S(a,), I).

For a formal context (G,M, 1) by B(G,M, I) we denote the lattice of formal
concepts of the formal context (G, M, I).

Definition 6 [14]. Let Ay = (4,04, ) be a Boolean-valued model, where
7: S(g,) — B. Consider an atom b € At(B). Define a model 2, € K(o,) by setting

Ay, E P(cy, s ) © b <T(P(cy, - Cn))

forany P, ¢, ...,c, € G,.

Proposition 7 [14]. For the model 21, and for an arbitrary sentence ¢ € S(g,), we
have 2, E@ < b <t(p).

A Boolean-valued model 2z = (4, g4, T) is called atomic if the Boolean al-

gebra B is atomic.

Definition 8. Let Ay be an atomic Boolean-valued model. Denote At(B) =

{a € B | ais an atom}. Consider the formal context (At(B), S(aa), I;), where
al, o © a<1(p).

Proposition 9. Let (C, T) € B(At(B), S(o,), I.). Then T is a theory of the signa-
ture gy, i.e., forany ¢ € S(a,) if T+ ¢ then @ €T.

Proof. Let (C, T) € B(At(B), S(o,), I.). Let us show that T is a theory. Suppose
that ¢ € S(g,) and T + ¢. Prove that ¢ € T'. We have C' = T; consequently, we must
only show that ¢ € C'.

Fig. 2. The formal context (At(B), S(ay), I,).



Consider b € C, then b € At(B). It is true that C' =T, so for any i € T, we have
b I v, therefore b < t(3). Hence, by Proposition 7, we have 2, & .

Consequently, for any ¢ € T, it is true that 2, & ¥, which means that 2, = T. In-
volving the fact that T' - ¢, we conclude that U, & ¢. Therefore, by Proposition 7,
we have b < 7(¢),so b I, ¢.

Thus, we have proved that b I, ¢ for any b € C. Then ¢ € C' =T. Therefore, we
have shown that for any ¢ € S(o,), if T - ¢ then ¢ € T. Hence, T is a theory. ]

Theorem 10. Let Ay = (4,04, T) be an atomic Boolean-valued model. There ex-
ists an atomic Boolean-valued model A = (4, 0y, 71 ), where 7,:S(g,) - By, and
an epimorphism g: B— B, such that

1) the formal context (At(IB;), S(a4), Ir,) is object-clarified;

2) forany ¢ € S(a,) we have g(z(¢)) = 7,(¢);

3) for any b € At(B), if g(b) # 0 then g(b) € At(B,);

4) forany b € At(B) and ¢ € S(a,), if g(b) # 0 then b1, ¢ & g(b) I, .

Proof. Let Ay = (4, a4, 7) be a Boolean-valued model and B be atomic.

S(o4)

I _ S (O' /1)
At(B) At(B,)

Fig. 3. Epimorphism g: B — B,

Suppose that the formal context (At(B), S(ay), I;) is not object-clarified. Consider
an equivalence relation ~ on the set At(B) of the atoms of the Boolean algebra B
defined as follows: for a, b € At(B) we have a~b iff for any ¢ € S(ag,) itis true that
al,p ©bl; @.

Consider the quotient set B/.. , and denote H = At(B)/.. .

We chose exactly one element c,) € [a] in each equivalence class [a] € At(B)/..
Denote

€ = {ctq | [a] € H} C At(B) and d = U b.
N (be(At(B)\C))

Consider a principal ideal I =d ={b € B| b < d} of the Boolean algebra B:
I < B.

Consider a Boolean algebra B, = /1 which is the quotient algebra of the Boolean
algebra B by the ideal 1.

Consider an epimorphism g: B — B, defined as follows: g(b) = b/I for any

b € B; here b/l is the quotient class of the element b.
Define a mapping 7,: S(g,) — B; as follows:



T1(p) = T((p)/l for ¢ € S(0y).
Lemma 11. Ay, = (4, g, 71) is a Boolean-valued model.
Proof. Consider ¢,y € S(0,). We have

we)/ T(qo)/[ _1(p) /,

71(np) = = 11(9);

T(pVvy) = oV Eb)/l — 1@V T(l'b)/[ = T(¢)/] u T(lp)/[ =1(@) VT (P);
n(p &) = TP S TN, @) 0 T =)
np - ) =@ 2 W) 1@V r(zp)/[ =10 6 T — T unw).

Consider ¢(x) € F(a,). We have
Tl(vx(p(x)) — T(Vx(P(X))/I — ﬂ,ZEA T(@(Ca))/l _

_ ﬂr(‘l’(ca))/l - ﬂT1(§0(ca))?

a€A a€A

) (Fxp () = r(EIx(p(x))/I _ Ugea r(go(ca))/I _

_ UT(‘P(Ca))/I — Url(q’(ca))-

a€eA a€eA

Note that the equalities

Naea T(‘p(ca))/l — ﬂ‘[(q’(ca))/l

a€A

and

Veentlot)f _ | |lotcn)

a€eA
are true in virtue of the fact that the Boolean algebra B is complete.
Thus, we have shown that %, = (4, g, 7,) is Boolean-valued model.
The lemma is proved. u

Continue the proof of the theorem. First we prove that the set of atoms
At(B,) = {b/, |be c}.
Leth € C. Then b & I and so, b/l #0.1f €/;#0 and ¢/; < b/I then

C/I=C/I n b/1=cnb/1_



So,cnb =+ 0andcnb < b, therefore, c N b = b. Hence, ¢ N b/l = b/l and so,
/= b/I' Thus, b/I is an atom of the Boolean algebra B;.
On the other hand, let C/[ be an atom of the Boolean algebra B,. Then C/I #0

and so, ¢ # 0. The Boolean algebra B is atomic, hence the set of atoms At(c) =
{b€At(B)|b<c}#@ and c = Upeaem b- Involving the fact that €/, #0 we

conclude that ¢ ¢ I = d, consequently, ¢ < d.

We have d = Upearmncb and ¢ = Upear(c) b, hence, if At(c) < At(B)\C then
¢ < d. Therefore, At(c) € At(B)\C, so At(c)nC # Q.

Consequently, there exists an atom b € At(c) N C. Hence, b € C and b < ¢, SO
b/I < C/I' As we proved above, b € C implies that b/l is an atom of the Boolean

algebra B;. Involving the fact that ¢/, is an atom we conclude that b/I = ¢/, and so,
/1 €{¢/; | e € C}. Therefore, At(B,) = {b/l |be C}.

Thus, that for any b € At(B) if b € At(B)\C then b <d, hence, b/l =0.If
b € C then b/I € At(B,). Consequently, the statement (3) holds.

Next, by the definition of the epimorphism g: B — B; we have

9(x(@) =" = 1.
Therefore, the statement (2) holds.

Lemma 12. For every b € At(B), and every ¢ € S(o,), if g(b) # 0 then
bl o = g(b)I,e.
Proof. Consider b € At(B) and ¢ € S(a,). Let g(b) # 0. Let us prove that
bl. ¢ < g(b)I,e.
(=) Suppose that b I, ¢ holds. Then b < t(¢), hence b/l < r(<p)/1 =1.().

Therefore, we have (b/l) I, ¢ andso, g(b)I, ¢ holds.
(<) Suppose that b I, ¢ doesn’t hold. Then b < t(¢), S0, b = b N 7(¢). The el-
ement b is an atom and we have b = b nt(p) < b. Then b n7(p) = 0, hence
T bnt
b/I A ((P)/I _ (w)/[ —0.

Since b/, = g(b) #0, we have b/, P/ n T(q’)/l , hence, b/, % r(<p)/1 =
7,(@), i.e., g(b)  t1(¢). Therefore, g(b)I,, ¢ doesn’t hold.
The lemma is proved. [

Thus, we have proved the statement (4). Now let us prove that the formal context
(At(B,), S(g,), I, ) is object-clarified — the statement (1).

Consider b,, b, € C. Let b1/1 + bz/l. Then there are atoms a,, a, € At(B) such
that by = cjq,; and b, = c[q,]. Hence, b; € [a;] and b, € [a,]. Since by # b,, we
have [a,] # [a,], s0, b, + b,. Therefore, there is a sentence ¢ € S(a,) such that only

one of the statements b, I ¢ and b, I, ¢ holds. Suppose that b, I, ¢ holds and b, I, ¢
doesn’t hold. We conclude by Lemma 12 that g(b;) I, ¢ holds and g(b,) I, ¢

doesn’t hold. Therefore, the rows corresponding to the objects bl/ ; and bz/ ; of the



formal context (At([B%l),S (0), 111) are different. Thus, the formal context
(At(B,),S(04),I,) is object-clarified.
The theorem is proved. ]

Recall that K(o,) = {({cX | a € A}, 0p) | c& # c5 fora # b} and
Th(K) = {p € S(0a)| K &= ¢} is the theory of the class K < K(ag,).

We represent the set of the cases of the domain (3rd level of the ontological model)
as a class of models K € K(a,). So, it is interesting and important to solve the fol-
lowing

Problem 13. How to describe the theories of the classes K S K(ay,).

Theorem 14. Let T be a theory of the signature g,. There exists a class K < K(a,)
such that T = Th(K) if and only if there exists a Bolean-valued model 2 such that

(T', T) € B(At(B), S(oy), I,).

Proof. Let T be a theory in the signature g,.

(=) Consider a class K € K(a,). Let T = Th(K). Denote K, = K(a,). Consider
a Boolean algebra B = ($(K,); U,n, —, B, K,) and a mapping t: S(o,) — B defined
as follows: t(p) = {B € K | B = ¢} for asentence ¢ € S(ay).

Lemma 15. Ay = (4, 0,,7) is a Boolean-valued model.

Proof. Let ¢,y € S(g,). Then

(@) ={BEK, |BE 90} ={BEK, | B¥p}=
K\(B € K, | B F 0} = K;\7(9) = 7(9);
(VYY) ={BEK|BE(pVY)}=

={BeK |BEF@IU{BEK,|BFY}=1(p) Ut[));

T(p&) = {B €K, | B E (p&)} =
={BEK) | BE@}IN{BEK,|BFY}=1(p) Nt@);

(o> P) ={BEK, |BE (@VY)}=1(p) Ut®).
Let (x) € F(ay). Then

T(Vxp(x)) = {B € K, | B = Vxp((x)} =
={8BeK,|BEgp(a)foranyaec A} ={BeK,|B k= ¢(c,) forany a € A} =
= [V e ko138 F ot =) e(otca);

a€eA a€eA
T(Ax@(x)) ={B €K, | B E Ixp((x)} =
{BeK,|BE@(a)forsomea € A} ={B e K, |B E ¢(c,) forsome a € A} =
= Jme k13 o = Jrlon).
a€eA a€A
The lemma is proved. u

Notice that the atoms of the Boolean algebra B = (¢ (K,); U,n, —, @, K,) are exact-
ly the one-element subsets of the set K,. Hence, At(B) = {{8B} | B € K, }.

Consider a formal context (At(B),S(g,),I;). Let € € K, and ¢ € S(g,). Then we
have



{CLe © {Clct(p) © {€} c{BeK|BEp} © CEo.
Thus, we have {€} I, ¢ © € = ¢. Recall that K € K, = K(o,) and T = Th(K).
Denote K = {{8B} | B € K} < At(B). Then

K' ={p €S(a,) | {B}I, ¢ forany{B} € K}
={p€eS(o) |BEg@ foranyBe€ K} =Th(K) =T.

Therefore, T = T" and the pair (T, T) is a formal concept of the formal context
(At(B), S(ay), 1), i.e., (T',T) € B(At(B), S(ay), I;).

(&) Let Ay =(A,0, 1) be a Boolean-valued model and a pair (T',T) €
B(At(B), S(0a), I).”

Denote C =T'. Then C < At(B) and C' = T. Consider a class K = {2, | b € C}.
We have proved above in the proof of Proposition 9 that in this case 2, & T holds for
any b € C.

Therefore, for any B € K we have B =T. It means that K = T. Hence, T <
Th(K) ={p € S(g)| K E ¢}.

Let us show that Th(K) S T. Let ¢ € Th(K). Then K & ¢, which means that
B & ¢ for any B € K. Consequently, for any b € C we have U, = ¢. By Proposition
7, Uy E @ implies that b < 7(¢), hence, b I, ¢ holds.

Thus, forany b € C we have b I, ¢, thenp € C' =T" =T, i.e., ¢ € T. Therefore,
forany ¢ € Th(K) we have ¢ € T, hence Th(K) < T, and so, T = Th(K).

The theorem is proved. ]

5 Conclusion

In the present paper we investigate the mathematical foundations of ontological mod-
eling of the domain of mobile networks. We use the four-level model of knowledge
representation to formalize this domain. We construct the case model at the third level
of ontological model creation, when we formalize the empirical knowledge. The case
model is presented by a set of countable algebraic systems. In the ontological model,
the high-level characteristics of mobile network subscribers are represented with the
help of first order theories of classes of algebraic systems of the special kind.

Next, we describe a method of constructing a formal context for a Boolean-valued
model which represents the case model. We show that, without loss of generality, we
may consider only object-clarified formal contexts corresponding to the Boolean-
valued models.

We prove that the intents of formal concepts of formal contexts corresponding to
Boolean-valued models are first order theories of the signature under consideration. In
the end, we solve the following problem: What are the theories of the classes
K < K(o,)? We obtain a description of theories of the classes of domain cases in the



language of formal concepts of the formal contexts corresponding to the Boolean-
valued models.
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