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Abstract. The algorithm of network topology construction and training of two-
dimensional fast neural networks with additional switched planes is considered.
It is noted that the structure of fast neural networks has a fractal nature. The con-
structed topology is ideologically close to the topology of convolutional neural
networks of deep learning, but it has regular topology with the number of layers
established by the factor representation of the dimensions of the image and the
output plane of the classes. The learning algorithm has an analytical representa-
tion, and it is stable and converges in a finite number of steps. Additional planes
extend the information capacity of the tunable transformation to the maximum
possible. Control of the planes in the training and processing mode is realized by
numerical coordinate codes of the output plane. The architecture of a regular neu-
ral network with additional planes is presented. Variants for image ordering in
the output plane are considered. Examples are given.

Keywords: fast tunable transformation; neural network; learning; convolutional
neural network; the bitmap; the planes of the neural layers First Section

1 Introduction

Deep learning technology involves a process of configuration complexity of informa-
tive features in the sequence of neural layers. Starting with the neocognitron by K. Fu-
kushima [1] it has been proposed some variants of realization of this idea. One of the
successful solutions is the architecture of convolutional neural networks [2], which has
shown high efficiency in solving various problems. A distinctive feature of this archi-
tecture is the presence in convolutional layers of several data processing channels
(called maps or planes). In each plane, the output image of the previous layer is being
convoluted with a fixed kernel of small dimensions. Convolutional layers alternate with
pooling layers that multiply reduce the dimension of the feature space. The pooling
layers are optional and there are variants of completely eliminating them from the net-
work architecture [3]. The second distinctive feature of the architecture is the use of
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semi-linear activation functions that act as switching keys controlled by the values of
hidden layers variables [4, 5, 6, 7].

The disadvantage of the convolution network architecture is the lack of theoretically
justified methods for choosing the network structure and convolution kernel parame-
ters. There are several well-functioning network configurations for specific tasks, but
it is not clear how to build a network for a new task. Until now, the choice of the struc-
ture of the convolution network is an art object. The second significant drawback is
related to the training time of convolutional networks. On a typical processor, the time
can vary from several hours to several days, therefore high-performance GPUs are often
used to train networks. In [8] the authors proposed the idea of using fast transformation
algorithms to construct the structure and topology of multilayer perceptron neural net-
works. We show that this approach with some modification can also be used to con-
struct the structure and topology of convolutional neural networks.

At present, fast algorithms for linear Fourier, Walsh, Haar, and similar transfor-
mations are widely known. With the use of fast algorithms, the gain on computational
operations increases exponentially with the increase in the dimension of the transfor-
mation. Since the end of the 20-th century, there has arisen a direction of fast tunable
transformations [9], which are essentially neural networks with limited connections and
linear activation functions. There have been developed methods for training such neural
networks that converge in a finite number of steps. The number of layers in fast trans-
formations and their configuration are determined by the dimension of the processed
images. To construct fast algorithms, the dimension of the transformation must be a
composite number, and the more multipliers in the composition of the dimension, the
higher the computational efficiency of the fast algorithm. Despite the wide variety of
fast algorithms, the configurations of their structures satisfy the system invariant of self-
similarity [10]. Fractals are known to have the same property. Therefore, fast algo-
rithms can be interpreted as quasi-fractals. The property of structural fractality allows
solving two tasks simultaneously: to realize fast data processing and fast transformation
training.

In this paper, we will show that a small modification of the system invariant of fast
algorithms leads to convolutional neural network structures. At the same time, it is pos-
sible to preserve the algorithm of fast learning and increase the information capacity of
the network recognition up to the maximum possible, determined by the number of
neurons of the output layer of the network. The proposed architecture cannot be called
convolution networks, because in the planes of neural layers more general transfor-
mations than convolution are used, and there are no pooling layers in the transfor-
mation, but the principle of pooling is used in the training of the network. All neurons
have linear activation functions, however non-linear processing exists, but it is imple-
mented not at the expense of activation functions, but by switching the planes of neural
networks. To some extent, this is similar to the switching semi-linear activation func-
tions of convolutional neural networks. Control of switching planes is carried out by
the coordinates of neurons in the output plane of the network. Call this class of networks
neural networks with controlled switching of planes (CSPNN).
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2 The topology of Two-Dimensional Fast Tunable
Transformations

Let us designate through F(Uy,UX) an image matrix by dimensionality N, <N, . In

case of impact on the image through linear transformation, H (Uy,UX;Vy,VX) the array
from M, xM, coefficients turns out. Two-dimensional transformation is executed by
the rule:

Ny—1 Nx-1

S(V,.V, )= > F(U, U, H(U,U:V,.V,). @)

Uy=0Ux=0

A necessary condition of the existence of a fast algorithm is the possibility of multipli-

cative decomposition of values of input and output dimensionalities of the transfor-

mation to an equal number of multiplicands:
Ny=pop - -Poy M, =000/ .97,
Ne=PoPi--Poyr M, =007 .00

2

Here indexes X,y mean the belonging to coordinate axes of the source image, and

value n defines the number of layers in the graph of a fast algorithm. Using multipli-
cands of decomposition, coordinates of points of the image representation in a posi-
tional system notation with the mixed radices:

Uy = <ur¥—lur¥—2 "'uiyug>’
X X X X (3)
U, = <un—1un—2 “+eUpUg >'
where the weight of m ’s position digit is defined by an expression p. ,p, ,-.-P; Pq
and u_, is the digit variable accepting values [0, P, —1} (the asterisk replaces indexes
X,y here). It is similarly possible to represent coordinates of spectral coefficients for
the plane [V, .V, |

<

X Xy X
< n1Yn-2 " ViVo >!

Y Y Yy Y
Vy VoaVnz ViV >!
X @

V, =(V

where the weight of m ’s position digit is defined by an expression g, .9, ,...9,d,
and v, is the digit variable accepting values [0,g;, —1].

The algorithm of fast transformation is usually presented in the form of a graph with
a different topology. It is convenient to use the digit-by-digit form for the analytical
description of a graph of the topology of a fast algorithm. For example, topology a
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graph can be described by "Cooley-Tukey topology with decimation on to time" in the
form of a linguistic sentence [10] (topological model):

<unflun72 ..U Uy > <unflunf2 BNTATA > e

...<unflun72.. TR TIRY vmfz...vo>...<vnflvn72...v1v0>

“Hm+1¥m Tm-1

where words are digit-by-digit representations of coordinate numbers, and letters —
names of digit variables. The number of words in the sentence is equal n+1. The first
and last words in the sentence correspond to coordinates of points of the terminal planes

provided by expressions. The intermediate words define input U;“,U;” and output co-

ordinate V;",V," in the planes of inner layers of the fast algorithm. For an algorithm
with substitution of values, the condition is follow-up satisfied:

U;n+1 =Vym, U)r(n+l =me (5)

m~m?

H H H H m Yy X ey Yy X H
Graph of topology contains basic operations in a layer V\/iy,iym ( u Vme) , representing

four-dimensional matrixes of dimensionality [p;, pnﬁ;g;,g;]. Where digit-by-digit
expressions of indexes of kernels of a layer m for the selected topology have viewed:

X
m+1

am X X X X X
M (TT TR AZPRR o §

(6)

im— y y y
iy _<un_lun_2...u

m+1

y y y
Vv, >

Expression is an analytical representation of a system invariant of fast algorithms [10].
In general topologies, for the directions, x and y may be different. Connections be-
tween basic operations are defined by the structural model of fast transformation, where
to each node there corresponds to basic operation (differently called hereinafter as neu-
ral kernels). For the selected topology of graphs of the structural model is described by
the following linguistic sentence:

(TN [ (THTHPSRTATA I

...<unflun72 T I VAR, ...v0>...<vn71vn72 ...v1v0>

Each word in this sentence defines the number of basic operations i." in the layerm.
The number of words is equal n in the sentence.

In Fig. 1 structural model of fast two-dimensional transformation for dimensionality
8x8is shown. Input image enters on the low layer and spectral coefficients turn out in
the high layer. Nodes of the model there correspond to basic operations (neural kernels)
with dimensionality [2,2;2,2]. Kernels in layer m execute two-dimensional transfor-
mation over the spatial unit with size p) x p; :
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Fig. 1. Structure model two-dimensional transformation

3 Multiplicative Decomposition of Fast Transformation

Setting specific values for all digit variables u_,v’ (where m runs through the values
0,1,...n-1) defines some path in a topological graph between pair of nodes of an initial
and finite layer. From the uniqueness of digit-by-digit representation of coordinate
numbers, it follows that such path is single for each pair combination of spatial points
of the input and output plane. This circumstance allows obtaining the convenient ana-
Iytical expression connecting array elements of fast transformation with elements of
kernels. From expression it follows:

as(V,.V,)

H (Uy,UX;Vy,VX)=m.
yrx

(8)

Differentiating by the rule of differentiation of the composite function we will obtain:

_ as™t oE"™ a5" 2 oF! 58°
H (U, U, V)= OF™ 88" % oF" % 58° oF°
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m

From condition it follows that for all m the following equals take place =1,

os™
(

and from, — that F :Wimmim u uX 'vnﬁv;) . Thus, we will obtain that each element of
x oly

m~m?

a four-dimensional transformation matrix H expresses through elements of kernels in
the form of the following product:

H(U,.U,:V,.V, ) =W (U u vy vy, ) .
LW (U,f,zunx,z;vrf,zv,f,z)---Wifio (ugug;vgvg), )
where digit-by-digit expressions of kernel indexes for a layer m for the selected topol-
ogy are defined by expression Multiplicative Decomposition of Two-Dimensional
Images.

The algorithm of multiplicative decomposition is based on the ideas of fractal filtering
[10] (in the notation of convolution neural networks this operation corresponds to pool-
ing). For a two-dimensional case, fractal filtering represents the multiple scale image
processing sequentially squeezing its sizes up to a single point. The diagram of fractal
filtering can be presented in the form of the pyramid shown in Fig 2.

Fig. 2. The scheme of the fractal image filtering

The base of the pyramid is the source image, F (Uy,UX) for which arguments U, and
U, are presented in a radix notation (see expression. In this positional representation,
we will fix all digits except two the lowest u; and u, . If to vary these digits on all
possible values, then we will obtain a two-dimensional selection with the size pJ x py

. The fractal filter is understood as any functional @ , acting on this selection. Formally,
it can be written in the form of the following expression:
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Y oy y XX x\\ _
F (<un—1un—2 L >’<un—1un—2 ey >) -

= & [F (oo ) (urus-us)) |

y X
(uo ug

The image F, will be multiply reduced by the sizes with the source image. For example,

the rule of average calculation of selection or its median line can be such functional.
The source image can be now formally presented in the form of a product:

F ({0l uuy) (uru, uiuy)) =

= Fl(<uny_1ur{_2 ST R (TGN ---uf)) fop (ug.u3),
where ij,»x (uoy,u;) - is a set of the two-dimensional function factors depending on
digit variables u} and u;, and indexes jS,jf selecting a two-dimensional function
from this set. The value of these indexes is set to equal values of arguments of the image
F,,sothat jo =(u),ul,---u’) and jJ=(u:,u:,--uy) . Forobtaining the factor func-
tions, it is enough to execute scalar division of the image F to the image F, in case of
variation of all digit variables. In turn, the image F, can also be represented as the
product of the image F, on factors from the set fjljl (uly ,ulx). Repeating multiply the

y Ix

operation of fractal filtering and decomposition, we will reach the peak of the pyramid
of images and we will obtain multiplicative decomposition:

y y Yoy X X Xy X _
F (<un—1un—2 “'ul uO >’<un—1un—2 . 'ul uO >) -

(10)
y X y X y X Yy X
LSRN (T VTiy ST (T- AT RO S (T Y (VAT B
where indexes of multiplicands are defined by expressions:
J;n = <ur)1(71u:72 . .ur)r(]+1> ) J;n = <ur¥71ur¥—2 " 'ur¥1+1>' (11)

4 Attuning of Adapted Transformations

We will call transformation adapted to the image if one of the transformation base func-
tions with coordinates (Vy,VX) coincides with this image. The value of a scalar product
of the image with this function will be maximal among other coefficients of the spectral
area of the transformation. The purpose of transformation attuning consists in it. Value
of coordinates (V,,V,) we will call as adaptation point the function in the spectral
plane.

Attuning can be realized also in several images. If to compare the obtained multipli-
cative decomposition of the image with the decomposition of fast transformation, it is
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easy to note that they are similar, and set kernel indexes in each layer cover a set of
indexes of function multiplicands. From this constructive result, follows that fast trans-
formation will be attuned to the image when transformation kernels are attuned to func-
tion multiplicands. Attuning of transformation kernels is defined by the rule:

W (unusivivi ) = T (003, -

Comparing expression for if',il" and for 7', j', it is possible to obtain the result con-

clusion that quantity of components in the multiplicative expansion of the image and
quantity of kernels of transformation coincide for a layer m=0 (thus it takes place

following equals i’ = j° and i;) = jﬁ), and less number of kernels for all remaining

layers. Therefore, in the case of attuning a part of degrees of freedom of a transfor-
mation is not used. Digit variables v/,v; are freely variational variables; therefore, the

kernel may be attunedto D = g7 g, images. The remaining layers have a bigger number

of degrees of freedom and cannot worsen this value. Thus, it is possible to conclude
that a fast transformation cannot adapt more than to D different images. On this, the
opportunities of this algorithm of attuning are exhausted. Value D let us call as the
level of transformation attuning.

5 Regular Neural Networks with Additional Planes

Remaining within the considered topology, not used in case of attuning degrees of free-
dom it is possible to determine in several ways (in more detail see. [10]). In this case,
the level of attuning does not change, but at the same time remaining transformation
functions change.

Let us consider the alternative decision, which consists of an extension of the topol-
ogy through additional planes to use the remained degrees of freedom for an increase
in the level of attuning. In this case, the number of computing operations in the new
topology increases, but the structural regularity of the network remains.

In the beginning, let us specify a choice rule of the adapted kernels for the former
topology. By adaptation let's express point coordinates in a radix notation, having des-
ignated digit variables through y and x:

Vv, :<yn_1,yn_2...y0>, V, :<xn_l,xn_2...x0>. (13)

The fixed values of digit variables vy, ,x, correspond to variables v?, v , therefore (as

it follows from) in case of a choice of this point of adaptation, according to the rule
need adapt only kernels with numbers:

mo_ X X X
Ix - <un—1un—2 te um+1xm—1xm—2 te XO > ’

i (14)
I)T = <Uny—1uny—2 .. .U,Llym_lym_Z A >
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In particular for m=0 we have:
0 _ /X X X 0 /Y Y y
I = <un—1un—2 el >! Iy = <un—1un—2 el >

Thus, irrespective of a choice of points of adaptation all kernels of a zero layer always
shall be adapted. At the same time, the level of transformation attuning is restricted to
value D.

To increase of transformation attuning level we will enter the additional plane struc-
ture copying the main plane in each layer. We will determine the order numbers of the
additional planes within a layer by the rule:

”m = <Xn—lxn—2 . 'Xm+1' yn—l yn—Z b ym+1> .

The maximum quantity of the additional planes will be in the zero layers, and in process
of increase in a number of a layer the quantity of the additional planes will decrease,

and in the last layer we will obtain 7, , =( ), ie. the additional planes will not be

absolute. Thus, in the new topology, the plane of the last layer will remain the same,
and in younger layers, the additional planes will appear.

The architecture of the neural network with the additional planes is shown in Fig. 3.
The input image is fed at the same time to all planes of the input layer. Layers are
divided by switchboards which are controlled by position digits of coordinate numbers
of output class.

Switchboard 0 Switchboard 1 Y=<¥,¥1¥o>

X=X XK >

< XZleZyl > < XZYZ >

Fig. 3. Regular neural network architecture with additional planes

Since the rule of a generation of the new planes does not contradict to condition, so for
attuning of kernels of the transformation it is possible to use the former rule, with an
additional argument for selecting the planes:

wr <7rm>(uny1urﬁ;v%v;) =f* (unyq,u;).
i iy
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The index k in the right part enumerates an adaptation point. For m=0 we have
i°=j and iS = js, here variational variables are the number of plane
o =(X\ 4%, p X0 Yoa Yz ---¥2) and digit variables vJ,v; . Together, they cover the
full coordinate range of the output plane. Possible index values k correspond to this

range. The remaining layers do not impair the level of transformation attuning. Thus,
the transformation with additional planes can be adaptedto D, =M =M, images, i.e.

each point of the output plane will exactly correspond to one image of the learning set.
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Fig. 4. Two-dimensional functions of the adapted transformation

Fig. 4 shows the two-dimensional transformation function adapted to the average im-
ages of handwritten numbers [2]. For this transformation:

N, =N, =p,pp,=4-3-2=24, M =M, =9,0,0,=2-2-2=8.

If the image corresponds to one of the adaptation points, the value of this spectral plane
coefficient will be maximal. The transformation result for above the image of the digit
"0" is shown in Fig. 5. It is seen that the coefficients corresponding to the subclasses of
the number “0” have maximum values.
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Fig. 5. The result of the two-dimensional transformation

6 Ordering of the Adaptation Points

For each k ’s adaptation point in the range of k =[0,D, —1], you must set your values
for bit variables y,,,x, . A one-to-one correspondence k —><Vy,Vx> defines rules for

ordering adaptation points in the output plane. Let's look at some typical variants. Re-
call that the bitwise representation of coordinates is defined by expressions (13). The
task of ordering is to establish a correspondence between the ordinal number k and the

bit variables (y;),(x) . We assume that moving in the spectral plane along a column
is determined by changing the coordinate V, , and along a row by changing the coordi-
nate V, .

6.1  Ordering Along of Columns

The ordering algorithm can be specified by the following sequence number representa-
tions:

k= <Xn—1Xn—2 < XoYnaYno--- y0> :

In this expression, the digit y, is the lowest, so when you increase the number k , the
digits <yi>WiII change first, and as a result, the adaptation points will be placed along

with the columns. Fig. 4 shows the variant of the ordering where classes are placed
along columns and subclasses are placed along rows.
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6.2  Ordering Along of Rows

The ordering algorithm can be specified by the following sequence number representa-
tions:

k = < yn—lyn—z s yOXn—lxn—z . 'XO> .

In this expression, the digit x, is the lowest, so when you increase the number k , the
digits <xi> will change first, and as a result, the adaptation points will be placed along

the rows. Fig. 6 shows a variant of implementing a transformation with the ordering of
the adaption points along rows.
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Fig. 6. The transformation with the ordering of basis functions along the rows

6.3  Ordering Along of Circular Segments

The ordering algorithm can be specified by the following sequence number representa-
tions:

K =X\ 1Yn 1% 2Yn 2 -+ X Yi%oYo) -

In this case, the spectral plane will be filled with increasing values k when moving
clockwise along the "circular" segments. Fig. 7 shows a variant of implementing the
transformation with the ordering of basic functions along with circular segments.
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Fig. 7. Transformation the ordering of basic functions by circular segments

7 Summary

Regular tunable transformations have a unique possibility of analytical representation
of the topology of the implementing network, which allows developing learning algo-
rithms that converge in a finite number of steps. It is shown that the implementing to-
pology is easily expanded by additional planes, and the number of recognized images
increases dramatically and covers all elements of the output plane. Moreover, the to-
pology extension does not violate the principle of building a training algorithm. The
constructed topology is ideologically close to the topology of convolutional deep learn-
ing networks [2] but is regular. The presented solution provides a constructive answer
to the fundamental questions of deep learning neural networks: how to choose a topol-
ogy and how to reduce the learning time of the network.
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